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Abstract
Here we define and prove some properties of the semi-classical wavefront set. We
also define and study semi-classical Fourier integral operators and prove a generaliza-
tion of Egorov’s Theorem to manifolds of different dimensions.
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1 Introduction
In this article we define and establish some of the properties of the semi-classical wavefront
set and semi-classical Fourier integral operators. The paper is organized as follows. In
Section 2 we review some of the theory of semi-classical pseudodifferential operators, which
we will use here. In Section 3 we gather the existing definitions of semi-classical wavefront
set and show that they are equivalent. We furthe explore the properties of the semi-classical
wavefront set in Section 3.1. In Section 4 we define and prove a characterization of global
semi-classical Fourier integral operators as well as a generalization of Egorov’s Theorem to
manifolds of unequal dimensions.
2 Preliminaries
In this section we recall some of the elements of semi-classical analysis which we will use
here. First we define two classes of symbols
Sm2n (1) =
{
a ∈ C∞
(
R
2n × (0, h0]
)
: ∀α, β ∈ Nn, sup
(x,ξ,h)∈R2n×(0,h0]
hm
∣∣∣∂αx ∂βξ a (x, ξ; h)∣∣∣ ≤ Cα,β
}
and
Sm,k (T ∗Rn) =
{
a ∈ C∞ (T ∗Rn × (0, h0]) : ∀α, β ∈ N
n,
∣∣∣∂αx∂βξ a (x, ξ; h)∣∣∣ ≤ Cα,βh−m 〈ξ〉k−|β|} ,
where h0 ∈ (0, 1] and m, k ∈ R. For a ∈ S2n (1) or a ∈ S
m,k (T ∗Rn) we define the correspond-
ing semi-classical pseudodifferential operator of class Ψmh,t(1,R
n) or Ψm,kh,t (R
n), respectively,
by setting
Oph (a) u (x) =
1
(2πh)n
∫ ∫
e
i〈x−y,ξ〉
h a (x, ξ; h)u (y) dydξ, u ∈ S (Rn)
1
for t ∈ [0, 1] and extending the definition to S ′ (Rn) by duality (see [2]). Below we shall work
only with symbols which admit asymptotic expansions in h and with pseudodifferential
operators which are quantizations of such symbols. For A ∈ Ψkh,t(1,R
n) or A ∈ Ψm,kh,t (R
n), we
shall use σ0(A) and σ(A) to denote its principal symbol and its complete symbol, respectively.
For a ∈ Sm,kn (T
∗Rn) we define:
ess-supph a
=
{
(x, ξ) ∈ T ∗X| ∃ ǫ > 0 ∂αx∂
β
ξ a (x
′, ξ′) = OC(B((x,ξ),ǫ)) (h
∞) , ∀α, β ∈ Nn
}c
∪
({
(x, ξ) ∈ T ∗X\ {0} | ∃ ǫ > 0 ∂αx∂
β
ξ a (x
′, ξ′) = O
(
h∞ 〈ξ〉−∞
)
,
uniformly in (x′, ξ′) such that ‖x− x′‖+
1
|ξ′|
+
∣∣∣∣ ξ|ξ| − ξ′|ξ′|
∣∣∣∣ < ǫ}/R+)c
⊂ T ∗X ⊔ S∗X,
where we define S∗X = (T ∗X\ {0}) /R+. For A ∈ Ψ
m,k
h (R
n) , we then define
WFh (A) = ess-supph a, A = Oph (a) .
We also define the class of semi-classical distributions D′h(R
n) with which we will work
here
D′h(R
n) =
{
u ∈ C∞h ((0, 1];D
′ (Rn)) : ∀χ ∈ C∞c (R
n) ∃N ∈ N and CN > 0 :
|Fh (χu) (ξ, h) | ≤ CNh
−N〈ξ〉N
}
where
Fh (u) (ξ, h) =
∫
Rn
e−
i
h
〈x,ξ〉u (x, h) dx
with the obvious extension of this definition to E ′h(R
n). We shall work with the L2− based
semi-classical Sobolev spaces Hs(Rn), s ∈ R, which consist of the distributions u ∈ D′h(R
n)
such that ‖u‖2Hs(Rn) =
1
(2πh)n
∫
Rn
(1 + ‖ξ‖2)s |Fh(u)(ξ, h)|
2 dξ <∞.
We shall say that u = v microlocally near an open set U ⊂ T ∗Rn, if P (u− v) = O (h∞)
in C∞c (R
n) for every P ∈ Ψ0h (1,R
n) such that
WFh (P ) ⊂ U˜ , U¯ ⋐ U˜ ⋐ T
∗
R
n, U˜ open. (1)
We shall also say that u satisfies a property P microlocally near an open set U ⊂ T ∗Rn if
there exists v ∈ D′h (R
n) such that u = v microlocally near U and v satisfies property P.
For open sets U, V ⊂ T ∗Rn, the operators T, T ′ ∈ Ψmh (R
n) are said to be microlocally
equivalent near V × U if for any A,B ∈ Ψ0h (R
n) such that
WFh (A) ⊂ V˜ ,WFh (B) ⊂ U˜ , V¯ ⋐ V˜ ⋐ T
∗
R
n, U¯ ⋐ U˜ ⋐ T ∗Rn, U˜ , V˜ open
A (T − T ′)B = O (h∞) : D′h (R
n)→ C∞ (Rn) .
We shall also use the notation T ≡ T ′.
2
3 Semi-Classical Wavefront Set
In this section we discuss the different notions of semi-classical wavefront set used in the
literature and show that they are equivalent. We further establish some of their properties.
We further let Tˆ ∗Rn = T ∗Rn ⊔ S∗Rn, where we set S∗Rn = (T ∗Rn\0) /R+ with the R+
action given by mutiplication on the fibers: (x, ξ) 7→ (x, tξ). As in [6], the points in T ∗Rn
will be called finite and the points in S∗Rn will be called infinite. We make the following
definition as in [6]
Definition 1 Let u ∈ D′h (R
n) and let (x0, ξ0) ∈ Tˆ
∗ (Rn) . We shall say that (x0, ξ0) does not
belong to WFh (u) if:
• If (x0, ξ0) is finite: there exist χ ∈ C
∞
c (R
n) with χ (x0) 6= 0 and an open neighborhood
U of ξ0, such that ∀N ∈ N, ∀ξ ∈ U, |F (χu) (ξ, h) | ≤ CNh
N . We shall denote the
complement of the set of all such points by WF fh (u).
• If (x0, ξ0) is infinite: there exist χ ∈ C
∞
c (R
n) with χ (x0) 6= 0 and a conic neighborhood
U of ξ0, such that ∀N ∈ N, ∀ξ ∈ U ∩
{
|ξ| ≥ 1
C
}
,
|F (χu) (ξ, h) | ≤ CNh
N 〈ξ〉−N .
We shall denote the complement of the set of all such points by WF ih(u).
The definition of semi-classical wavefront set given in [7] is as follows
Definition 2
WFh (u) =
{
(x, ξ) : ∃A ∈ Ψ0,0h (R
n)σo (A) (x, ξ) 6= 0, Au ∈ h
∞C∞ ((0, 1]h;C
∞ (Rn))
}c
.
Lemma 1 u ∈ D′h (R
n) if and only if for every χ ∈ C∞c (R
n) there exist m, km, Cm ∈ R such
that for every ‖χu‖Hm(Rn) ≤ Cmh
−km .
Proof: The first implication is clear. For the second implication, let s ∈ R be such that
m+ s > n
2
and consider
C2mh
−2km ≥
1
(2πh)n
∫ (
1 + |ξ|2
)m
|Fh (χu) (ξ, h) |
2dξ
=
1
(2πh)n
∫ (
1 + |ξ|2
)m+s |Fh (χu) (ξ, h) |2
(1 + |ξ|2)s
dξ = ‖u˜‖2Hm+s(Rn),
where u˜ = F−1h
(
|Fh(χu)(·,h)
(1+|·|2)
s
2
)
. Then we have that
Cmh
−km ≥ ‖u˜‖Hm+s(Rn) ≥ C‖u˜‖L∞(Rn) ≥ C
1
| suppχ|
∥∥∥ˆ˜u∥∥∥
L∞(Rn)
and therefore
|Fh (χu) (ξ, h) | ≤ Ch
−km(1 + |ξ|2)
s
2 .

3
Lemma 2 Definitions (1) and (2) are equivalent.
Proof: Let (x0, ξ0) ∈ T
∗Rn\WF fh (u) . Let ϕ ∈ C
∞
c (R
n) satisfy ϕ (x0) 6= 0 and let χ ∈
C∞c (R
n) have support in a bounded open neighborhood V of ξ0 such that Fh (ϕu) (ξ) =
O (h∞) uniformly for ξ ∈ V. Consider
Au (x) =
1
(2πh)n
∫ ∫
e
i
h
〈x−y,ξ〉ϕ (x)ϕ (y)χ (ξ)u (y) dydξ.
We clearly have that A ∈ Ψ0,0h (R
n) with σl0 (A) (x0, ξ0) 6= 0 and Au = O (h
∞) in C∞ (Rn) ,
where σl0 (A) is the principal symbol of the left-quantization of A.
Let, now, (x0, ξ0) ∈ T
∗Rn be such that there exists A ∈ Ψ0,0h (R
n) elliptic at (x0, ξ0) such
that Au = O (h∞) in C∞ (Rn) . Let ϕ, χ ∈ C∞c (R
n) be such that ϕ (x0) 6= 0, χ (ξ0) 6= 0, and
χ (hD)ϕ = BA +R, where B ∈ Ψ0,0h (R
n) , R ∈ Ψ−∞,−∞h (R
n) . Then
χ (hD)ϕu (x) =
1
(2πh)n
∫ ∫
e
i
h
〈x−y,ξ〉χ (ξ)ϕ (y)u (y) dydξ
=
1
(2πh)n
∫
e
i
h
x·ξχ (ξ) ϕ̂u (ξ/h) dξ = O (h∞) in C∞ (Rn) .
Therefore, χ (ξ) ϕ̂u (ξ/h) = O (h∞) uniformly in ξ and therefore ϕ̂u (ξ/h) = O (h∞) uni-
formly in ξ in a bounded open set containing ξ0, which implies that (x0, ξ0) /∈ WF
f
h (u) .
The case of an infinite point is handled similarly. See also [3] for the proof in the classical
setting, which applies directly to the infinite semi-classical wavefront set here. 
3.1 Properties of the Semi-classical Wavefront Set
In this section, we prove the following properties of the semi-classical wavefront set
Lemma 3 Let u ∈ D′h(R
d1), v ∈ D′h(R
d2), w ∈ D′h(R
d3), V ∈ D′h(R
d1+d2), W ∈ D′h(R
d2+d3).
Then
(a) WF fh (Au) ⊂ WF
f
h (A) ∩ WF
f
h (u) and WF
i
h (Au) ⊂ WF
i
h (A) ∩ WF
i
h (u), for A ∈
Ψm,kh
(
Rd1
)
.
(b) u⊗ v ∈ D′h(R
d1+d2), WF fh (u⊗ v) ⊂WF
f
h (u)×WF
f
h (v) and
WF ih (u⊗ v) ⊂
(
WF ih (u)×WF
i
h (v)
)
∪
(
(supp u× {0})×WF ih (v)
)
∪
(
WF ih (u)× (supp v × {0})
)
.
(c) if V is proper, WF ih(v)∩(WF
i
h)
′
Rd2
(V ) = ∅, and WF fh (v) is compact, then V v ∈ D
′
h(R
d1)
and
WF ih (V v) ⊂
(
WF ih
)′
(V )
(
WF ih (v)
)
∪
(
WF ih
)′
Rd1
(V )
4
and
WF fh (V v) ⊂
(
WF fh
)′
(V )
(
WF fh (v)
)
,
where (
WF ih
)′
Rd2
(V ) =
{
(y, η) ∈ T ∗Rd2\{0} : ∃x ∈ Rd1 , (x, 0; y, η) ∈
(
WF ih
)′
(V )
}
and V v is defined as in Theorem 7.8, [3]. The same conclusion holds if V is not neces-
sarily proper but v ∈ E ′h(R
d2) and all the other assumptions are satisfied.
(d) if at least one of V and W are properly supported,(
WF ih
)′
Rd2
(V ) ∩
(
WF ih
)′
Rd2
(W ) = ∅,{
p ∈ Rd2 : ∃ (q, r) ∈ Rd1 × Rd3 , (q, p) ∈ WF fh (V ), (p, r) ∈ WF
f
h (W )
}
is compact, then V ◦W ∈ D′h(R
d1+d3),(
WF ih
)′
(V ◦W ) ⊂
(
WF ih
)′
(V ) ◦
(
WF ih
)′
(W ) ,
and (
WF fh
)′
(V ◦W ) ⊂
(
WF fh
)′
(V ) ◦
(
WF fh
)′
(W ) ,
where V ◦W is defined as in Theorem 7.10, [3].
Remark. Part (c) of this lemma is proved in [1, Proposition A.I.13] without the as-
sumption on WFh(v). In our proof, however, we also show that all estimates can be made
uniformly in a neighborhood of WFh(v).
Proof: In this proof we shall use 〈·, ·〉 to denote the distribution pairing. We begin by
proving (a). Let (x0, ξ0) /∈ WFh (A) and assume that (x0, ξ0) is a finite point. Let B ∈
Ψ0,0h
(
Rd1
)
satisfy σ (B) (x0, ξ0) 6= 0, σ (B) ∈ C
∞
c
(
Rd1
)
, and WFh (B) ∩WFh (A) = ∅. Then
BA ∈ Ψ−∞,−∞h
(
Rd1
)
and therefore BAu = O (h∞) in C∞
(
Rd1
)
. If (x0, ξ0) is an infinite
point, we can again find B ∈ Ψ0,0h
(
Rd1
)
with WFh (B) consisting only of infinite points such
that WFh (B) ∩WFh (A) = ∅ and we then have that BAu = O (h
∞) in C∞
(
Rd1
)
.
Let, now, (x0, ξ0) /∈ WF
f
h (u) . Let c ∈ C
∞
c
(
Rd1
)
satisfy c (x0, ξ0) 6= 0 and let d ∈ S2d1 (1)
be such that d#hc = 1 in a neighborhood W ⊂
(
WF fh (u)
)c
of (x0, ξ0) . Further, let χ ∈
C∞c
(
T ∗Rd1
)
have support in an open set V ⋐ W and be equal to 1 on an open subset
U ⋐ V. Then the operator T = Oph (χd#hc) has symbol σ (T ) ≡ 1 mod h
∞ in S2d1 (1)
in U and supported in W and therefore Tu = O (h∞) in C∞
(
Rd1
)
. Let B be elliptic at
(x0, ξ0) with WFh (B) ⊂ U. Then we have that BA ≡ BAT mod Ψ
−∞,−∞
h
(
Rd1
)
and hence
BAu ≡ BATu = O (h∞) in C∞
(
Rd1
)
. Therefore, (x0, ξ0) /∈ WFh (Au) . The proof is similar
in the case of an infinite point (x0, ξ0) .
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We now turn to proving (b). It is trivial to check that u ⊗ v ∈ D′h(R
d1+d2). Let
(x0, ξ0; y0, η0) /∈ WF
f
h (u)×WF
f
h (v) and let O1, O
′
1 ⊂ R
d1 and O2, O
′
2 ⊂ R
d3 be open neighbor-
dhoods of x0, ξ0, y0, and η0, respectively, such thatO1×O
′
1×O2×O
′
2 ⊂
(
WF fh (u)×WF
f
h (v)
)c
.
Without loss of generality, we can assume that (x0, ξ0) /∈ WF
f
h (u). Then there exists
χ1 ∈ C
∞
c (R
d1) with χ1(x0) 6= 0 and a bounded open set O
′
1 ⊂ R
d1 with ξ0 ∈ O
′
1 such
that |Fh(χ1u)(ξ, h)| = O(h
∞) uniformly for ξ ∈ O′1. Let, now, χ2 ∈ C
∞
c (R
d2) have sup-
port near y0. Then |Fh(v)(η, h)| ≤ Ch
−M〈η〉M for some C > 0, M > 0, and therefore
|Fh(χ1u⊗ χ2v)(ξ, η, h)| = O(h
∞) uniformly in (ξ, η) ∈ O′1 × O
′
2 for any open bounded
O′2 ⊂ R
d2 with η ∈ O′2. Therefore (x0, ξ0; y0, η0) /∈ WF
f
h (u⊗ v).
The proof of the second assertion in (b) is as in the C∞ case. See Theorem 8.2.9, [4].
To establish (c) and (d), we first prove the following
Lemma 4 Let u1 ∈ D
′
h (R
n) and u2 ∈ E
′
h (R
n) satisfy WFh (u1) ∩WF
′
h (u2) = ∅.
Then
∫
u1u2 = O (h
∞) , where the integral is defined as in Proposition 7.6, [3].
Proof: For u ∈ D′h(R
n) let
Σh = {ξ ∈ R
n : ∃ x ∈ Rn, (x, ξ) ∈ WFh(u)}
Σih = {ξ ∈ R
n : ∃ x ∈ Rn, (x, ξ) ∈ WF ih(u)}
Σfh = {ξ ∈ R
n : ∃ x ∈ Rn, (x, ξ) ∈ WF fh (u)}
Σxh = {ξ ∈ R
n : (x, ξ) ∈ WFh(u)}
We have that Σxh(u) = limsuppφ→{x}Σh(φu). The proof is the same as in the classical case
(h = 1) (see [4], Section 8.1). For every x0 ∈ R
n we can then find ϕ ∈ C∞c (R
n) such that
ϕ (x0) 6= 0 and Σh(ϕu1) ∩ (−Σh(ϕu2)) = ∅. By Proposition 7.6, [3], we have that∫
ϕu1ϕu2 =
1
(2πh)n
∫
ϕ̂u1
(
ξ
h
)
ϕ̂u2
(
−
ξ
h
)
dξ. (2)
Now, since Σih(ϕu1) ∩ Σ
i
h(ϕu2) = ∅, for every ξ0 ∈ Σ
i
h(ϕu1) we can find an open conic
neighborhood Uξ0 of ξ0 such that ϕ̂u2
(
− ξ
h
)
= O(h∞〈ξ〉−∞) uniformly in Uξ0∩
{
ξ : ‖ξ‖ ≥ 1
C
}
,
for some C > 0. Since u1 ∈ D
′
h(R
n), it follows that there exist N ∈ N and C ′ > 0 such that
|Fh(ϕu1)(ξ, h)| ≤ C
′h−N 〈ξ〉N and therefore ϕ̂u1
(
ξ
h
)
ϕ̂u2
(
− ξ
h
)
= O(h∞〈ξ〉−∞) uniformly in
Uξ0 ∩
{
ξ : ‖ξ‖ ≥ 1
C
}
. The compactness of Sn−1 implies that we can find finitely many such
neighborhoods (U1l )
L1
l=1 and (U
2
l )
L2
l=1 and a constant C1 > 0 satisfying Σ
i
h(ϕu1) ⊂ ∪
L2
l=1U
2
l
and Σih(ϕu2) ⊂ ∪
L1
l=1U
1
l and such that ϕ̂u1
(
ξ
h
)
ϕ̂u2
(
− ξ
h
)
= O(h∞〈ξ〉−∞) uniformly in U jl ∩{
ξ : ‖ξ‖ ≥ 1
C
}
, l = 1, . . . , Lj, j = 1, 2.We can further arrange to have
(
∪L1l=1U
1
l
)
∩
(
∪L2l=1U
2
l
)
=
∅. Lastly, we choose finitely many sets (Ul)
L3
l=1 such that S
n−1
∖(
∪2k=1 ∪
Lk
l U
k
l
)
⊂ ∪L3l=1Ul and
a constant C2 > 0 such that ϕ̂uj
(
ξ
h
)
= O(h∞〈ξ〉−∞) uniformly in ξ ∈
{
ξ : ‖ξ‖ > 1
C2
}
∩ Ul,
j = 1, 2, l = 1, . . . , L3. With C = min{C1, C2}, we then have∫
{ξ: ‖ξ‖> 1C}
ϕ̂u1
(
ξ
h
)
ϕ̂u2
(
−
ξ
h
)
dξ = O(h∞).
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The same argument applied now to Σfh(ϕuj) ∩
{
ξ ∈ Rn : ‖ξ‖ ≤ 1
C
}
, j = 1, 2, gives that∫
{ξ: ‖ξ‖≤ 1C}
ϕ̂u1
(
ξ
h
)
ϕ̂u2
(
−
ξ
h
)
dξ = O(h∞)
and therefore ∫
ϕu1ϕu2 = O(h
∞).
Choosing a locally finite partition of unity
∑∞
j=1 ϕ
2
j = 1 with each function ϕj chosen as
ϕ above, we have that 〈u1, u2〉 =
∑∞
j=1 〈ϕju1, ϕ2u2〉 = O(h
∞). 
We, now, turn to proving (c). The fact that V v ∈ D′h(R
d1) is proved in [1, Proposition
A.I.13]. We shall now prove that
(
WF fh
)′
(V )(WF fh (v)) is a closed set. Let ((xn, ξn))n∈N ⊂(
WF fh
)′
(V )(WF fh (v)) converge to (x0, ξ0). For every n ∈ N let (yn, ηn) ∈ WF
f
h (v) be such
that (xn, ξn; yn, ηn) ∈
(
WF fh
)′
(V ). SinceWF fh (v) is compact, after passing to a subsequence,
we can assume that (yn, ηn)→ (y0, η0) ∈ WF
f
h (v). Therefore (xn, ξn; yn, ηn)→ (x0, ξ0; y0, η0)
and since
(
WF fh
)′
(V ) is closed, it follows that (x0, ξ0; y0, η0) ∈
(
WF fh
)′
(V ). This implies
that (x0, ξ0) ∈
(
WF fh
)′
(V )(WF fh (v)) and therefore
(
WF fh
)′
(V )(WF fh (v)) is closed.
Let, now, (x0, ξ0) ∈
((
WF fh
)′
(V )(WF fh (v))
)c
and let O,O′ ⊂ Rd1 be open neighbor-
hoods of x0 and ξ0, respectively, such that
O × O′ ⊂
((
WF fh
)′
(V )(WF fh (v))
)c
and O′ is bounded. Let χ ∈ C∞c
(
Rd1
)
have support in O and let ξ ∈ O′. By the proof of
Lemma 4, we have that〈
V (·, ··), χ(·)e−
i
h
〈·,ξ〉 ⊗ v(··)
〉
=
1
(2πh)d1+d2
〈
Vˆ ,
̂
χ(·)e−
i
h
〈·,ξ〉 ⊗ vˆ
〉
= O(h∞)
uniformly in ξ ∈ O′.
The proof in the case of the infinite wave front set is the same.
Lastly, to prove (d), we first observe that the fact that V ◦ W ∈ D′h(R
d1+d3) follows
as in the proof of [1, Proposition A.I.13]. To establish (c), now, we begin by proving that(
WF fh
)′
(V ) ◦
(
WF fh
)′
(W ) is closed. For that, let
((xn, ξn; yn, ηn))n∈N ⊂
(
WF fh
)′
(V ) ◦
(
WF fh
)′
(W )
converge to (x0, ξ0; y0, η0). Let ((zn, ζn))n∈N ⊂ R
m be such that (xn, ξn; zn, ζn) ∈
(
WF fh
)′
(V ),
(zn, ζn; yn, ηn) ∈
(
WF fh
)′
(W ), n ∈ N. By the assumption, we can assume that, after pass-
ing to a subsequence, (zn, ζn) → (z0, ζ0). Since then (xn, ξn; zn, ζn) → (x0, ξ0; z0, ζ0) and
7
(
WF fh
)′
(V ) is closed, it follows that (x0, ξ0; z0, ζ0) ∈
(
WF fh
)′
(V ). Similarly, (y0, η0; z0, ζ0) ∈(
WF fh
)′
(W ), and therefore
(x0, ξ0; y0, η0) ∈
(
WF fh
)′
(V ) ◦
(
WF fh
)′
(W ) .
Let, now, (x, ξ; y, η) ∈
((
WF fh
)′
(V ) ◦
(
WF fh
)′
(W )
)c
. Let O1, O
′
1 ⊂ R
d1 , O2, O
′
2 ⊂ R
d3
be open neighborhoods of x, ξ, y, and η, respectively, such that O1 × O
′
1 × O2 × O
′
2 ⊂
(WF ′h (V ) ◦WF
′
h (W ))
c and O′1 and O
′
2 are bounded. Let ϕ ∈ C
∞
c
(
Rd1
)
, ψ ∈ C∞c
(
Rd3
)
have supports inside O1 and O2, respectively. Then, by the proof of Lemma 4, we have that〈
V (·, ··)⊗ ψ(· · ·)e−
i
h
〈···,η〉, ϕ(·)e−
i
h
〈·,ξ〉 ⊗W (··, · · ·)
〉
= O (h∞)
uniformly in (ξ, η) ∈ O′1 ×O
′
2. Therefore (x, ξ; y, η) /∈ WF
f
h (V ◦W ).
The proof in the infinite case is the same as in the C∞ case, see Theorem 7.10, [3]. 
4 Global Semi-Classical Fourier Integral Operators
Here we prove a characterization of global semi-classical Fourier Integral Operators, which
is the semi-classical analog of Melrose’s characterization of Lagrangian distributions in [4,
Definition 25.1.1].
4.1 Parametrizing Lagrangian Submanifolds
We first review some facts from symplectic geometry relating non-degenerate phase functions
and Lagrangian submanifolds.
Let V ⊂ Rn×Rm, m ∈ N0, be an open set and let ϕ = ϕ (x, θ) ∈ C
∞
b (V ;R) . For m > 0,
let ϕ also be a phase function in the sense of [5], Section 2.4. If a ∈ Sn+m (1), we define
the oscillatory integral I (a, ϕ) =
∫
Rm
e
i
h
ϕ(·,θ)a (·, θ) dθ as in [5], Section 2.4 if m > 0 and set
I (a, ϕ) = e
i
h
ϕa if m = 0.
We further let
Cϕ = {(x, θ) ∈ V : ϕ
′
θ (x, θ) = 0}
and
Λϕ = {(x, ϕ
′
x (x, θ)) : (x, θ) ∈ Cϕ}
and recall that a phase function ϕ is non-degenerate if
ϕ′θ (x, θ) = 0 implies that (ϕ
′′
θx ϕ
′′
θθ) has maximum rank at (x, θ) . (3)
Ifm = 0, it is a standard fact from symplectic geometry that Λϕ is a Lagrangian submanifold
of T ∗ (Rn). If m > 0, (3) implies that Cϕ is a smooth n−dimensional manifold. Let jϕ : Cϕ ∋
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(x, θ) 7→ (x, ϕ′x (x, θ)) ∈ Λϕ. Then, after shrinking V around any fixed point (x
′, θ′) ∈ Cϕ,
we can assume that Λϕ is a Lagrangian submanifold of T
∗Rn and jϕ is a diffeomorphism.
For a proof, we refer the reader to [3], Lemmas 11.2 and 11.3.
If Λ ⊂ T ∗Rn is a Lagrangian submanifold such that the map πξ : Λ∩U ∋ (x, ξ) 7→ ξ ∈ R
n
is a local diffeomorphism, then there exist an open set W ⊂ Rn\ {0} and a function H ∈
C∞b (W ;R) satisfying
Λ ∩ U = {(H ′ (ξ) , ξ) : ξ ∈ W} . (4)
For a proof, see [3], Section 9.
If Λ ⊂ T ∗Rn is any Lagrangian submanifold and γ ∈ Λ, then there exists an open set
U ⊂ T ∗Rn and a non-degenerate phase function ϕ ∈ C∞ (V ) , V ⊂ Rn+m open, m ∈ N0 such
that
Λ ∩ U = Λϕ. (5)
We include the proof of this well-known result here for completeness and to introduce some
notation. Let µ = TγΛ be identified in a natural way with a subspace of T
∗Rn. By Lemma
9.5, [3] we have that after a linear change of coordinates we may assume that
µ = {(0, x′′; ξ′, Bx′′)} , (6)
for a splitting of the coordinates x = (x′, x′′) and ξ = (ξ′, ξ′′) , where x′ = (x1, . . . , xk) , k =
0, . . . , n, and B is a real symmetric matrix. This implies that the differential of the projection
π : Λ → (x′′, ξ′) is bijective at γ and therefore this map is a local diffeomorphism from a
neighborhood of γ to the (x′′, ξ′)−space. Therefore there exists a function S ∈ C∞ (Rn;R)
and an open neighborhood U ⊂ T ∗Rn of γ such that Λ∩U =
{(
∂S
∂ξ′
, x′′; ξ′,− ∂S
∂x′′
)}
∩U. From
this it easily follows that ϕ (x, ξ′) = 〈x′, ξ′〉 − S (x′′, ξ′) is a non-degenerate phase function
such that Λ ∩ U = Λϕ ∩ U.
4.2 Semi-Classical Fourier Intergal Operators
We are now ready to make the following definition
Definition 3 Let M be a smooth k-dimensional manifold and let Λ ⊂ T ∗M be a smooth
closed Lagrangian submanifold with respect to the canonical symplectic structure on T ∗M.
Let r ∈ R. Then the space Irh (M,Λ) of semi-classical Fourier integral distributions of order
r associated to Λ is defined as the set of all u ∈ D′h (M) such that(
N∏
j=0
Aj
)
(u) = OL2(M)
(
hN−r−
k
4
)
, h→ 0, (7)
for all N ∈ N0 and for all Aj ∈ Ψ
0
h (1, X) , j = 0, . . . , N − 1, with compactly supported
symbols and principal symbols vanishing on Λ, and any AN ∈ Ψ
0
h(1, X) with a compactly
supported symbol.
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A continuous linear operator C∞c (M1)→ D
′
h (M2) , where M1,M2 are smooth manifolds,
whose Schwartz kernel is an element of Irh(M1 ×M2,Λ) for some Lagrangian submanifold
Λ ⊂ T ∗M1 × T
∗M2 and some r ∈ R will be called a global semi-classical Fourier integral
operator of order r associated to Λ. We denote the space of these operators by Irh(M1×M2,Λ).
Remark: The exotic looking numerology for the order needs to be explained. We follow
the same convention as that in classical case and require that pseudodifferential operators
with compactly supported symbols in S0(1) have kernels in I0h(R
2n, N∗∆), where ∆ is the
diagonal in R2n. Explicitly, suppose that
K(x, y) =
1
(2πh)n
∫
e
i
h
〈x−y,ξ〉c(x, ξ)dξ , c ∈ S0(1) ∩ C∞c (R
2n) .
Then
‖K‖L2(R2n) =
1
(2πh)
n
2
‖FyhK‖L2(R2n) =
1
(2πh)
n
2
‖c‖L2(R2n) ,
where Fyh is the semi-classical Fourier transform in the y variable, which is consistent with
(7) with N = 0 and the order r = 0 (k = 2n here).
We, now, have the following semi-classical analog of [4, Lemma 25.1.2], vol. IV.
Lemma 5 If u ∈ Irh(M,Λ), then Au ∈ I
r
h(M,Λ) for every A ∈ Ψ
0
h(1,M) or A ∈ Ψ
0,k
h (T
∗M),
k ∈ R with compactly supported symbol.
If u ∈ D′h(M) is such that for every (x0, ξ0) ∈ Λ there exists A ∈ Ψ
0
h(1,M) elliptic at
(x0, ξ0) with compactly supported symbol and Au ∈ I
r
h(M,Λ), then u ∈ I
r
h(M,Λ). The same
conclusion holds if A ∈ Ψ0,kh (T
∗M), k ∈ R.
Proof: To prove the first statement, let u ∈ Irh(M,Λ), let A ∈ Ψ
0
h(1,M) have a compactly
supported symbol, and let Aj ∈ Ψ
0
h(1,M), j = 1, . . . , N, N ∈ N, also have compactly
supported symbols and principal symbols vanishing on Λ. Then(
N∏
j=1
Aj
)
(Au) =
(
N−1∏
j=1
Aj
)
[AN , A]u+
(
N−1∏
j=1
Aj
)
AANu.
Here [AN , A] ∈ Ψ
−1
h (1,M) has a compactly supported symbol and therefore
‖[AN , A]u‖L2(M) = O
(
h1−r−
k
4
)
.
By the choice of A and AN we further have that
‖AANu‖L2(M) = O
(
h1−r−
k
4
)
.
Thus, if follows by induction with respect to N that(
N∏
j=1
Aj
)
(Au) = OL2(M)
(
hN−r−
k
4
)
, h→ 0.
10
Therefore Au ∈ Irh(M,Λ).
To prove the converse, let B ∈ Ψ0h(1,M) have a compactly supported symbol and satisfy
(x0, ξ0) /∈ WFh(BA−I). Then (x0, ξ0) /∈ WFh(BAu−u). From the first part of the proof, we
have that BAu ∈ Irh(M,Λ). Let, now, P ∈ Ψ
0
h(1,M) have symbol supported in a sufficiently
small neighborhood of (x0, ξ0) ∈ Λ so that PBAu − Pu = O(h
∞) in C∞(M). Since again
PBAu ∈ Irh(M,Λ), we have that
(∏N
j=1Aj
)
(Pu) = OL2
(
hN−r−
k
4
)
, h → 0, for any set
of operators (Aj)
N
j=1 , N ∈ N, as in (7). Thus Pu ∈ I
r
h(M,Λ) for every P ∈ Ψ
0
h(1,M)
with symbol supported in a sufficiently small neighborhood of any point (x0, ξ0) ∈ Λ. The
compactness of the supports of the operators (Aj)
N
j=1 , N ∈ N, now allows us to find Pj ∈
Ψ0h(1,M), j = 1, . . . , J, J ∈ N, such that Pju ∈ I
r
h(M,Λ), j = 1, . . . , J, and
∑J
j=1 σ(Pj) = 1
on ∪Nk=1 supp σ(Ak). Using the calculus of semi-classical pseudodifferential operators, we
further obtain
OL2(M)
(
hN−r−
k
4
)
=
(
N∏
k=1
Ak
)(
J∑
j=1
Pj
)
u =
(
N∏
k=1
Ak
)
u+OL2(M)(h
∞),
which completes the proof.
The proof in the case of an operator A ∈ Ψ0,kh (T
∗M), k ∈ R is analogous. 
We shall now characterize semi-classical Fourier integral distributions microlocally. We
have the following
Theorem 1 Let Λ ⊂ T ∗Rn be a Lagrangian submanifold and let γ ∈ Λ. Let ϕ be a non-
degenerate phase function in an open set V ⊂ Rn+m, m ∈ N0, such that Λ = Λϕ in a
neighborhood of γ. If a ∈ S
r+m
2
+n
4
n+m (1) is such that supp a ⋐ V , then I (a, ϕ) ∈ I
r
h (R
n,Λ) .
Conversely, if u ∈ Irh (R
n,Λ) microlocally near γ, then for every non-degenerate phase
function ϕ in an open set V ⊂ Rn+m, m ∈ N0, such that Λ = Λϕ near γ, there exists
a ∈ S
r+m
2
+n
4
n+m (1) with supp a ⋐ V such that u = I (a, ϕ) microlocally near γ.
Proof: Let γ have canonical coordinates (x0, ξ0) and let us first assume that Λ is transverse
to the section ξ = ξ0 at γ. Then there exists an open neighborhood U ⊂ T
∗Rn of γ such
that πξ : Λ ∩ U ∋ (x, ξ) 7→ ξ ∈ R
n in canonical coordinates is a local diffeomorphism. Let
H ∈ C∞b (R
n;R) be chosen such that, perhaps after adjusting V, Λϕ = {(H
′ (ξ) , ξ) : ξ ∈ W}
for some bounded open set W ⊂ Rn. For ξ ∈ Rn consider
Î (a, ϕ) (ξ) =
∫ ∫
e
i
h
(ϕ(x,θ)−〈x,ξ〉)a (x, θ) dθdx.
For ξ 6∈ W integration by parts in (x, θ) gives
Î (a, ϕ) = O (h∞) in C∞c (W
c) . (8)
11
Let, now, ξ¯ ∈ W . Then the function Φ
(
x, θ; ξ¯
)
= ϕ (x, θ) −
〈
x, ξ¯
〉
has a critical point
at
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
))
which is the inverse image in Cϕ under jϕ of the point
(
H ′
(
ξ¯
)
, ξ¯
)
. Using
integration by parts again, we obtain that, up to a term which is O (h∞) in C∞c (W ),
Î (a, ϕ)
(
ξ¯
)
≡
∫ ∫
e
i
h(ϕ(x,θ)−〈x,ξ¯〉)a (x, θ)χ
(
x− x¯
(
ξ¯
)
, θ − θ¯
(
ξ¯
))
dθdx, (9)
where χ ∈ C∞c (R
n+m) is equal to 1 on a neighborhood of 0.
To prove that the critical point is non-degenerate, let v be in the kernel of
Φ′′xθ
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
)
; ξ0
)
=
[
ϕ′′xx
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
))
ϕ′′xθ
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
))
ϕ′′θx
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
))
ϕ′′θθ
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
))] .
Then
v ∈ ker
(
ϕ′′xθ
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
))
ϕ′′θθ
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
)))
and therefore
v ∈ T(x¯(ξ¯),θ¯(ξ¯))Cϕ.
We also have that
v ∈ ker
(
ϕ′′xx
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
))
ϕ′′xθ
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
)))
and since jϕ and πξ are diffeomorphisms, it follows that v = 0. Hence
the matrix Φ′′xθ
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
)
; ξ¯
)
is non-singular. (10)
We can therefore apply the method of stationary phase to the integral (9) and obtain
Î (a, ϕ)
(
ξ¯
)
∼ e
i
h
Φ(x¯(ξ¯),θ¯(ξ¯);ξ¯)
∞∑
k=0
hk+
n
2
+m
2 (A2k (Dx,θ) a)
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
))
, (11)
where A2k (D) are differential operators of orders ≤ 2k, respectively.
The Implicit Function Theorem and (10) now imply that, perhaps after shrinking W
around ξ¯, x¯, θ¯ ∈ C∞ (W ). We further adjust W so that x¯, θ¯ ∈ C∞b (W ) . Thus
Φ′ξ
(
x¯ (ξ) , θ¯ (ξ) ; ξ
)
= −H ′ (ξ) , ξ ∈ W
and therefore, by adding a constant toH if necessary, we can assume that Φ
(
x¯ (ξ) , θ¯ (ξ) ; ξ
)
=
−H (ξ) for ξ ∈ W . We also have that for every k, A2k (Dx,θ) (a)
(
x¯ (·) , θ¯ (·)
)
∈ S
r+m
2
+n
4
n (1).
Thus, with A ∈ S
r−n
4
n (1), A ∼
∑∞
k=0 h
k+n
2
+m
2 (A2k (Dx,θ) a)
(
x¯ (·) , θ¯ (·)
)
, A = O (h∞) in
S
r−n
4
n (1) outside W , we obtain, from (8), (9), and (11), that
Î (a, ϕ) (ξ) = e−
iH(ξ)
h A (ξ) .
Now, the ideal of smooth functions vanishing on Λϕ is generated by the symbols aj (x, ξ) =
xj − H
′
ξj
(ξ), j = 1, . . . , n. Since I (a, ϕ) has compact support, by adjusting V without
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changing I (a, ϕ), we can assume that Λϕ is compact and we can choose χ ∈ C
∞
c (T
∗Rn) equal
to 1 on a neighborhood of Λϕ. Then a˜j = χaj ∈ S2n (1), j = 1, . . . , n vanish on Λϕ. By the
calculus of pseudodifferential operators, we have that Oph (a˜j) I (a, ϕ) = Oph (aj) I (a, ϕ) +
EjI (a, ϕ), where EjI (a, ϕ) = O (h
∞), h→ 0 in Cc (R
n).
O (h∞) + ‖(Oph (a˜j))
α (I (a, ϕ))‖
L2(Rn) =
∥∥(x−H ′ (hD))α (I (a, ϕ))∥∥
L2(Rn)
=
1
(2πh)
n
2
∥∥∥(−hD −H ′)α Î (a, ϕ)∥∥∥
L2(Rn)
= O
(
h|α|−r−
n
4
)
, α ∈ Nn, h→ 0.
Thus I (a, ϕ) ∈ Irh (R
n,Λ) .
We remark here that the same argument will allow us in similar situations to use in
condition (7) symbols, which do not belong to the class S (1) and below we will do so
without repeating this argument.
We now turn to proving the converse. Let U,H,W, and V be further chosen so that (4)
and (5) hold and W is bounded. Extend H to a function in C∞b (R
n;R). Let P ∈ Ψ0h (1,R
n)
satisfy (1) and set u˜ = Pu. The symbols aj (x, ξ) = xj − H
′
ξj
(ξ), j = 1, . . . , n vanish on
Λϕ ∩ U , and therefore we obtain from (7) that∥∥(x−H ′ (hD))α (u˜)∥∥
L2(Rn)
= O
(
h|α|−r−
n
4
)
, α ∈ Nn, h→ 0
and hence, after taking the Fourier transform,∥∥∥(−hD −H ′)α ˆ˜u∥∥∥
L2(Rn)
= O
(
h|α|+
n
4
−r
)
, α ∈ Nn, h→ 0. (12)
Substituting ˆ˜u (ξ) = e−
iH(ξ)
h v (ξ) in (12), we obtain
‖(hD)α v‖L2(Rn) = O
(
h|α|+
n
4
−r
)
, α ∈ Nn, h→ 0,
‖Dαv‖L2(Rn) = O
(
h
n
4
−r
)
, α ∈ Nn.
(13)
As in the previous case, this implies that
v ∈ S
r−n
4
n (1) .
Let Φ (x, θ; ξ) = ϕ (x, θ)− 〈x, ξ〉, ξ ∈ W , (x, θ) ∈ V . Choose ξ¯ ∈ W , and let
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
))
∈
Cϕ be the critical point of Φ
(
·, ··; ξ¯
)
. Let M ⋐ V be a neighborhood of
(
x¯
(
ξ¯
)
, θ¯
(
ξ¯
))
such
that sgn Φ′′ is constant on M and let ψ ∈ C∞ (M ;Rn) be such that ψ (x, θ) = ϕ′x (x, θ) on
Cϕ. Define
a0 (x, θ) =
1
(2πh)
n
4
+m
2
(
e−
ipi
4
sgnΦ′′
xθ |detΦ′′xθ|
1
2 v
)
◦ ψ (x, θ) for (x, θ) ∈M.
Then, by the first part of the proof, we have that
e−
iH
h v − ̂I (a0, ϕ) = O (h) , h→ 0, in S
r−n
4
n (1) .
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Iterating this process, we obtain a sequence of symbols al ∈ S
r+m
2
+n
4
n (1) such that, if we
denote Us = I
(∑s
l=0 h
lal, ϕ
)
, s ∈ N0 we have that
e−
iH
h v − Uˆs = O
(
hs+1
)
, h→ 0, in S
r−n
4
n (1) .
Therefore, if we choose an asymptotic sum a ∈ S
r+m
2
+n
4
n+m (1) of
∑∞
k=0 h
kak, we obtain u˜ =
I (a, ϕ) microlocally near γ.
Let, now, Λ ⊂ T ∗Rn be any Lagrangian submanifold and assume that the coordinates
have been chosen in such a way that µ = T ∗γΛ has the form (6). Choose a real symmetric
matrix AΛ =
[
0k×k 0
0 DΛ (n−k)×(n−k)
]
such that
det (B +DΛ) 6= 0. (14)
Let Λ˜ = {(x, ξ + AΛx) : (x, ξ) ∈ Λ} and let γ˜ = (x0, ξ0 + AΛx0) = (x0, η0) , where (x0, ξ0)
are the coordinates of γ. Then, if ϕ ∈ C∞ (V ;R) , V ⊂ Rn+m, m ∈ N0, is a non-degenerate
phase function which parameterizes Λ near γ, it is clear that ϕ˜ (x, θ) = 1
2
〈AΛx, x〉+ ϕ (x, θ)
is a non-degenerate phase function which parameterizes Λ˜ near γ˜.
Let µ˜ = Tγ˜Λ˜. It is easy to see that µ˜ = {(0, x
′′; ξ′, (B +DΛ)x
′′)} and it then follows from
(14) that Λ˜ is transverse to the constant section η = η0 at γ˜.
Let u ∈ Irh (R
n,Λ) microlocally near γ and let Ak ∈ Ψ
0
h (1, X) , k = 1, . . . , N, be such
that σ0 (Ak) |Λ = 0. From (7) we have that(
N∏
k=1
e
i
h
〈AΛ·,·〉Ake
− i
h
〈AΛ··,··〉
)
e
i
h
〈AΛ··,··〉u = OL2(Rn)
(
hN−r
)
, h→ 0.
Let K (z, t) = 1
(2πh)n
e−
i
h
〈AΛz,z〉
∫
e
i
h
〈z−t,ξ〉a (z, ξ) dξ e
i
h
〈AΛt,t〉 and consider
b (w, τ) =
∫
e
i
h
y·τK (w,w + y) dy
=
1
(2πh)n
∫ ∫
e
i
h
(〈y,τ−ξ〉−〈AΛw,w〉+〈AΛ(w+y),(w+y)〉)a (w, ξ)dξdy.
We apply the method stationary phase to the above integral. The phase has a critical point
at (y0, ξ0) = (0, τ + AΛw) and the Hessian of the phase at the critical point is
[
AΛ −I
−I 0
]
,
which has determinant 1 and signature 0. Therefore b ∼
∑∞
k=0 h
kbk with bk ∈ S2n (1) and
b0 (w, τ) = a (w, τ + AΛw) . (15)
This implies that b ∈ S2n (1) and Bk = e
i
h
〈AΛ·,·〉Ake
− i
h
〈AΛ··,··〉 ∈ Ψ0h (1, X) . From (15) we then
have that σ0 (Bk) |Λ˜ = 0, k = 1, . . . , N. We can now apply the first part of the proof of this
theorem and we have that e
i
h
〈AΛ·,·〉u = I (a, ϕ˜) , a ∈ S
r+m
2
+n
4
n+m (1) . Therefore u = I (a, ϕ) .
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The converse follows from reversing this argument. 
Remark. Let u ∈ Irh (M,Λ) . Then Theorem 1 and Lemma 5 implies that for any P ∈
Ψ0h (1,M) with a compactly supported symbol Pu is given by a finite sum of oscillatory
integrals of the form h−rI (a, ϕ) , where a ∈ S (1) and ϕ is a non-degenerate phase function
such that Λ = Λϕ near a point in Λ. 
Following this remark, we see that after taking a locally finite partition of unity (aj)
∞
j=1 ⊂
C∞c (T
∗M) such that
∑∞
j=1 aj = 1 on Λ and applying an integration by parts argument, as
in [3], Chapter 7, we have
Lemma 6 If u ∈ Irh(M,Λ), then WF
f
h (u) ⊂ Λ.
4.3 Generalization of Egorov’s Theorem
We now prove the following generalization of Egorov’s Theorem to manifolds of unequal
dimensions:
Lemma 7 Let Xj, j = 1, 2, be smooth manifolds. Let σj be the canonical symplectic form
on T ∗Xj, and πj : T
∗X1 × T
∗X2 → T
∗Xj the projection onto the j- th factor. Let
Λ ⊂ T ∗X1 × T
∗X2
be a Lagrangian submanifold of
(T ∗X1 × T
∗X2, π
∗
1σ1 + π
∗
2σ2)
such that π2|Λ is an immersion. Let F ∈ I
r
h (X1 ×X2,Λ) , r ∈ R, have a non-vanishing
principal symbol at (ρ1, ρ2) ∈ Λ.
Then for every A ∈ Ψ0h (1, X1) with symbol supported in a sufficiently small neighborhood
of ρ1 there exists B ∈ Ψ
0
h (1, X2) with symbol supported in a sufficiently small neighborhood
of ρ2 such that
AF ≡ FB near (ρ1, ρ2)
and
in2 (π2|Λ)
∗ σ0 (B) = i
n1 (π1|Λ)
∗ σ0 (A) .
Remark: Strictly speaking we have not defined a symbol of a Fourier integral operator
given in Definition 3. However, the proof of Theorem 1 shows that the non-vanishing of the
amplitude given there is invariantly defined.
Proof: By a partition of unity we can reduce the proof to the local case where Xj ⊂ R
nj ,
T ∗Xj is trivial for j = 1, 2, F =
∫
e
i
h
ϕ(x,z,θ)u (x, z, θ) dθ, where ϕ is a non-degenerate phase
function in a neighborhood of (x0, z0, θ0) ∈ X1 × X2 × R
m for some m ∈ N0 such that
Λ∩U = Λϕ for an open set U with (x0, ξ0; z0, η0) ∈ Λ∩U, u ∈ S
n1+n2
4
+m
2
+r
n1+n2+m (1)∩C
∞
c (R
n1+n2+m),
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u ∼
∑∞
k=0 h
k+
n1+n2
4
+m
2
+ruk, uk ∈ S
0
n1+n2+m(1), and A =
∫
Rn1
e
i
h
〈x−y,ξ〉a (x, ξ) dξ with a ∈
S02n1(1) ∩ C
∞
c (R
2n1), a ∼
∑∞
k=0 h
kak, ak ∈ S
0
2n1
(1).
Let Φ (y, ξ; x, z, θ) = 〈x− y, ξ〉+ ϕ (y, z, θ) . Then Φ has a critical point
p0 (x, z, θ) = (y0 (x, z, θ) , ξ0 (x, z, θ)) = (x, ϕ
′
x (x, z, θ)) .
The Hessian of Φ is
Φ′′ (y0 (x, z, θ) , ξ0 (x, z, θ) ; x, z, θ) =
[
ϕ′′xx (x, z, θ) −I
−I 0
]
,
and has determinant 1 and signature 0.
Let Ψ (w, η; x, z, θ) = ϕ (x, w, θ) + 〈w − z, η〉 . Then Ψ has a critical point
q0 (x, z, θ) = (w0 (x, z, θ) , η0 (x, z, θ)) = (z,−ϕ
′
z (x, z, θ)) .
The Hessian of Ψ is
Ψ′′ (w0 (x, z, θ) , η0 (x, z, θ) ; x, z, θ) =
[
ϕ′′zz (x, z, θ) I
I 0
]
,
and has determinant 1 and signature 0.
We define
gp0(x,z,θ) (p) =Φ (p; x, z, θ)− Φ (po (x, z, θ) ; x, z, θ)
−
〈Φ′′ (p0 (x, z, θ) ; x, z, θ) (p− p0 (x, z, θ)) , p− p0 (x, z, θ)〉
2
and
fq0(x,z,θ) (q) =Ψ (q; x, z, θ)−Ψ (qo (x, z, θ) ; x, z, θ)
−
〈Ψ′′ (q0 (x, z, θ) ; x, z, θ) (q − q0 (x, z, θ)) , q − q0 (x, z, θ)〉
2
.
For j ∈ N0 and c ∈ C
∞
c (R
2m) , set
(
Llj (cu)
)
(x, z, θ) =
∑
ν−µ=j
∑
2ν≥3µ
〈
(Φ′′ (p0 (x, z, θ) ; x, z, θ))
−1D,D
〉ν
ij2νµ!ν!(
gµ
p0(x,z,θ)
c (x, ··)u (·, z, θ)
)
(p0 (x, z, θ)) .
and (
Lrj (uc)
)
(x, z, θ) =
∑
ν−µ=j
∑
2ν≥3µ
〈
(Ψ′′ (q0 (x, z, θ) ; x, z, θ))
−1D,D
〉ν
ij2νµ!ν!(
fµ
q0(x,z,θ)
c (·, ··)u (x, ·, θ)
)
(q0 (x, z, θ)) .
16
Now, since π2|Λ is an immersion, it follows from the Inverse Function Theorem, that there
exists κ ∈ C∞ (T ∗Rn2 ;T ∗Rn1 × T ∗Rn2) , such that κ ◦ π2|Λ = id|Λ. Let, now, b0 ∈ C
∞
c (R
2n2)
be supported near ρ2 and satisfy
b0 = i
n1−n2κ∗ (π1|Λ)
∗ a0.
Then in2j∗ϕ (π2|Λ)
∗ b0− i
n1j∗ϕ (π1|Λ)
∗ a0 vanishes on Cϕ and since ϕ is a non-degenerate phase
function, it follows that there exist c0j ∈ C
∞
c (R
n1+n2+m) , j = 1, . . . , m, such that
in1j∗ϕ (π1|Λ)
∗ a0 − i
n2j∗ϕ (π2|Λ)
∗ b0 =
m∑
j=1
ϕ′θjc
0
j .
For every k > 0 we now choose bk ∈ C
∞
c (R
2n2) in such a way that(
in1
∑
α+β+γ=k
Llα (aγuβ)− i
n2
∑
α+β+γ=k,
Lrα (uβbγ)−
m∑
l=1
Dθl
(
ck−1l u0
))∣∣
Cϕ
= 0
and choose ckl ∈ C
∞
c (R
n1+n2+m) , j = 1, . . . , m, such that
in1
∑
α+β+γ=k
Llα (aγuβ)− i
n2
∑
α+β+γ=k,
Lrα (uβbγ)−
m∑
l=1
Dθl
(
ck−1l u0
)
=
m∑
l=1
ϕ′θlc
k
l u0.
Lastly, let
b ∼
∞∑
j=0
hjbj . (16)
In the integrals
L (x, z) = AF (x, z) =
1
(2πh)n1
∫ ∫
e
i
h
〈x−y,ξ〉a (x, ξ) e
i
h
ϕ(y,z,θ)u (y, z, θ) dθdydξ
and
R (x, z) = FB (x, z) =
1
(2πh)n2
∫ ∫
e
i
h
ϕ(x,w,θ)u (x, w, θ) e
i
h
〈w−z,η〉b (w, η)dθdwdη.
we now apply the method of stationary phase, Theorem 7.7.5 in [4], in the (y, ξ) and the
(w, η) variables, respectively, and obtain
L (x, z) ∼ in1
∞∑
t=0
ht−
n1+n2
4
−m
2
−r
t∑
j=0
t−j∑
v=0
∫
e
i
h
ϕ(x,z,θ)
(
Llj (at−j−vuv)
)
(x, z, θ) dθ
R (x, z) ∼ in2
∞∑
t=0
ht−
n1+n2
4
−m
2
−r
t∑
j=0
t−j∑
v=0
∫
e
i
h
ϕ(x,z,θ)
(
Lrj (uvbt−j−v)
)
(x, z, θ) dθ.
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By the choice of b0 we have∫
e
i
h
ϕ(x,z,θ)u0 (x, z, θ) [i
n1a0 (x, ϕ
′
x (x, z, θ))− i
n2b0 (z,−ϕ
′
z (x, z, θ))] dθ
=
∫
e
i
h
ϕ(x,z,θ)
m∑
j=1
ϕ′θj (x, z, θ) c
0
j (x, z, θ) u0 (x, z, θ) dθ
= −h
∫
e
i
h
ϕ(x,z,θ)
m∑
j=1
Dθj
(
c0j (x, z, ·) u0 (x, z, ·)
)
(θ) dθ,
using integration by parts. By the choice of the symbol b1 we then have that
AF − FB = OC∞c (Rn1+n2 )
(
h2−
n1+n2
4
−m
2
−r
)
.
Iterating this argument, we obtain from the choice of the symbols b′ks that
AF ≡ FB near (ρ1, ρ2).
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